A coloring of the Boolean n-cube is called perfect if, for every vertex x, the collection of the colors of the neighbors of x depends only on the color of x. A Boolean function is called correlation-immune of degree n − m if it takes the value 1 the same number of times for each m-face of the Boolean n-cube. In the present paper it is proven that each Boolean function χ S (S ⊂ E n ) satisfies the inequality
Let E n = {0, 1} n be the n-dimensional Boolean cube (n-cube). Define the operation [x, y] = (x 1 y 1 , . . . , x n y n ) and the inner product x, y = x 1 y 1 ⊕ · · · ⊕ x n y n for vectors x, y ∈ E n . The number of unities in a vector y ∈ E n is called the weight of y and is denoted by wt(y) = y, 1 . The sets E n y (z) = {x ∈ E n : [x, y] = [z, y]}, where wt(y) = m, are called (n − m)-faces.
Let S ⊂ E n and let χ S be the characteristic function of S. The function χ S is said to be correlation-immune of order n − m if, for all m-faces E n y (z), the intersections E n y (z) ∩ S have the same cardinality. The maximum order of the correlation immunity of the function χ S is denoted by cor(S), cor(S) = max{n − m}. The number ρ(S) = |S|/2 n is the density of the function χ S . We will always assume that ρ(S) ≤ 1/2, since otherwise we may consider E n \ S instead of S. If ρ(S) = 1/2 then the correlation immune function χ S is called balanced.
The Hamming distance d(x, y) between two vectors x, y ∈ Σ n is the number of positions at which they differ. The unit ball {y ∈ E n : d(x, y) ≤ 1} is denoted by B(x). Define the neighbors number nei(S) to be the average number of neighbors in the set S for vertices in S, i. e., nei(S) =
A mapping Col : E n → {1, . . . , k} is called a perfect coloring with matrix of parameters A = {a ij } if, for all i, j, for every vertex of color i, the number of its neighbors of color j is equal to a ij . In what follows we will only consider colorings in two colors. Moreover, for convenience we will assume that the set of colors is {0, 1}. In this case the function Col is Boolean and Col = χ S , where S is the set of 1-colored vertices.
A perfect code C ⊂ E n can be defined as a perfect coloring with matrix of parameters
. Colorings with such parameters exist only if n = 2 m −1 (m is integer).
A list of accessible parameters and corresponding constructions of perfect colorings can be found in [1] and [2] . It is well known (see [3] ) that a perfect coloring of the n-cube with matrix of parameters n − b b c n − c is a correlation-immune function of degree b+c 2 − 1. Therefore, if the vertices of some set S are regularly distributed on balls then the vertices of the set are uniformly distributed on faces. It is of interest to clarify the possibility of the reverse implication.
In [3] it is established that for each unbalanced Boolean function χ S (S ⊂ E n ) the inequality cor(S) ≤ 2n 3 −1 holds. Moreover, in the case of the equality cor(S) = 2n 3 −1, the function χ S is a perfect coloring. Similarly, if for any set S ⊂ E n the Bierbrauer-Friedman inequality [4, 5] ρ(S) ≥ 1 − n 2(cor(S)+1) becomes an equality then the function χ S is a perfect 2-coloring (see [6] ). Consequently, in the extremal cases, the regular distribution on balls follows from the uniform distribution on faces. In the present paper we prove the following theorem:
(a) For each Boolean function a = χ S , where S ⊂ E n and ρ(S) ≤ 1/2, the inequality nei(S) + 2(cor(S) + 1)(1 − ρ(S)) ≤ n holds.
(b) A Boolean function a = χ S is a perfect 2-coloring if and only if nei(S) + 2(cor(S) + 1)(1 − ρ(S)) = n.
In the proof of the theorem we employ the idea from the papers [4] and [7] . Before proceeding to the proof we introduce some necessary concepts.
The set V of all functions a : E n → Q has the natural structure of an 2 n -dimensional vector space. It is well known that the functions f v (u) = (−1) u,v , where v ∈ E n , constitute a Fourier orthogonal basis of the space V. The Fourier transform a of a function a is determined by the equality
Obviously, the function a is the inner product of the vectors a and f v in V. Since f v , f v = 2 n for every vertex v ∈ E n , we have the equalities
We need the following well-known statements. Then
Proposition 1. ([3], [8]) A Boolean function
Given a Boolean function a = χ S , the weight distribution (B 0 (a), . . . , B n (a)) is determined by
Obviously, B 1 (a) = nei(S), where a = χ S . The MacWilliams transform of a weight distribution (B 0 (a), . . . , B n (a)) is the array (B ′ 0 (a), . . . , B ′ n (a)), where B ′ k (a) = 1 |S| n i=0 B i (a)P k (i) and P k are the Kravchuk polynomials.
In [8] the following equalities are proven:
From (3) and (5) we obtain the following:
Propositions 1, 2 and Corollary 2 (b) imply the following well-known statements (see [3] and [7] ). Proof of the theorem. Without lost of generality we suppose that 0 ∈ S. Put t = cor(S). From (4), Corollary 2(c), and Corollary 3 we obtain the equality
Since P 1 (i) = n − 2i (see [7] or [8] ), we have
k (a) = 1/ρ(S) and B ′ k (a) ≥ 0. Hence, nei(S) ≤ ρ(S)n + (n − 2(t + 1)) (1 − ρ(S)) .
Moreover, the equality nei(S) = ρ(S)n + (n − 2(t + 1)) (1 − ρ(S))
holds if and only if B ′ i (a) = 0 for i ≥ t + 2. Then from Corollary 4 (b) we conclude that χ S is a perfect coloring.
Each perfect 2-coloring satisfies (6), which is a consequence of Proposition 2 (b) and Corollary 4 (b). △ For perfect codes, a similar theorem was previously proven in [7] . Namely, if cor(S) = cor(H) and ρ(S) = ρ(H), where S, H ⊂ E n and H is a perfect code, then S is also a perfect code.
